The conservation of the photon total angular momentum in the incident direction in an axially symmetric scattering process is a very well known fact. Nonetheless, the re-distribution of this conserved magnitude into its spin and orbital components, an effect known as the spin-orbit interaction (SOI) of light, is still a matter of active research. Here, we discuss the effect of the absorption on the SOI in the scattering of a sub-wavelength Silicon particle. Describing the scattering process of a electric and magnetic dipole, we show via the asymmetry parameter that the SOI of light in the scattering of high refractive index nanoparticles endures in the presence of optical losses. This effect results in optical mirages whose maximum values surpass those of an electric dipolar scatterer.
I. INTRODUCTION

Spin-orbit interactions (SOI) of light have attracted an increasing interest in the recent years
1 . In particular, this re-distribution of the angular momentum 2 (AM) into its spin (SAM) and orbital (OAM) contributions 3-10 , has been thoroughly studied in absorptionless targets 11, 12 . Moreover, it has been shown that this re-distribution per photon induces after scattering a shift on the apparent location of the targets [13] [14] [15] [16] and, specifically, on spherical scatterers. In the latter case, the scattering of plane waves with well-defined helicity, σ = ±1, on scatterers described by a single polarizability 17, 18 as well as on larger multipolar spherical scatterers 19 , has been studied. These apparent displacements are referred to as SOI optical mirages 20, 21 . In particular, for high refractive index nano-particles with electric and magnetic dipolar responses [22] [23] [24] , the SOI can lead to enhanced optical mirages 20, 21, 25, 26 at the so-called first Kerker condition [27] [28] [29] [30] [31] [32] , where scattering preserves duality symmetry 33, 34 and the maximum allowed exchange of AM per photon from spin to orbital contributions (s z = −σ and z = 2σ, respectively) leads to a diverging optical mirage in the backscattering direction 35 . In all previous works, the absence of optical losses guaranteed the conservation of the total AM, i.e., the total number of photons. However, in absorbing systems, the incoming radiation induces a net optical torque on the target 36, 37 and the SOI of light remain unexplored. In this work, we discuss the effects of absorption on the SOI of light in the scattering of an electric and magnetic dipolar Silicon (Si) nano-particle whose optical propera) Electronic mail: jolmostrigo@gmail.com ties have attracted a large interest [22] [23] [24] [38] [39] [40] As a simple consequence of the scatterer axial symmetry, based on the conservation of the AM per photon in the incident direction, j z = z + s z = σ, we demonstrate that an exotic "super-momentum" regime can be achieved, where
We explicitly show that in this regime, even with absorption, an enhanced optical mirage can be generated with respect to the pure dipolar case. By analyzing the changes in the far-field polarization, it is possible to retrieve fine information about the scattering particle 35, [42] [43] [44] and, as we will show, the SOI optical mirage can be described in terms of the degree of circular polarization (DoCP) in the far field limit.
II. THEORY
The scattering from an arbitrary multipolar sphere can be conveniently expressed in the helicity basis 45, 46 as
where the sub-indexes + and − refer to positive and negative eigenvalues of the helicity operator for monochromatic waves,Λ = (1/k)∇×. By applying the helicity operator to the scattered fields (Eq. 1), the helicity density after scattering, or in other words, the DoCP, can easily be obtained,
where V and I are two of the so-called Stokes parameters. for a 55 nm Si sphere excited by a plane wave with well-defined helicity, j z = σ, in the visible spectral range. The dielectric function for Si were obtained from Ref. 48 . The absorbed light gives rise to a radiation torque, represented by the spinning arrows around the Si sphere.
lowing relation with the SAM per photon after scattering in the far-field. For a system with axial symmetry, as the one sketched in Fig. 1 , the SAM and OAM per photon contributions can be expressed as,
where
It is important to notice that the relations given so far are perfectly valid in the presence of absorption, since they do not depend on energy conservation. For absorptive particles, the total (integrated) AM is not a conserved quantity given that the particle will absorb a fraction of the incident photons. These optical losses give rise to a non-zero absorption cross section in the visible spectral range 38 , as it is illustrated in FIG. 1 , where a plane wave with both well-defined helicity and AM per photon in the incident direction, j z = σ = ±1, impinges on an absorbing Si sphere of radius a = 55 nm. This non-zero absorption cross section is associated with the induction of a net optical torque to the target 37 . Nonetheless, the scattered photons must preserve the incident AM per photon in the direction of incidence as a simple consequence of the scatterer axial symmetry. This is also illustrated in FIG. 1. This conservation leads us to the study of the exchange between the SAM and OAM contributions per photon, which can be easily computed by inserting the DoCP after scattering 35 , i.e. Eq. (1) into Eqs. (3)-(4). In the electric and magnetic dipolar regime 21 , s z = 2σ cos θ 1 + cos 2 θ g + cos θ 1 + cos 2 θ + 4g cos θ ,
is the asymmetry parameter 47, 49 . It is worth mentioning that, recently, a bi-univocal relationship between the measurable DoCP and the gparameter was found 35 , specifying that Λ = Λ π/2 = 2σg, where Λ π/2 is the DoCP at the perpendicular direction to the incoming wave. This implies that the g-parameter is a measurable magnitude in the electric and magnetic dipolar regime, since it can be expressed in terms of the measurable V and I Stokes parameters (see Eq. (2)).
It must be notice that even though Eqs. (5)- (6) imply that the SOI of light densities depend on the absorption via the asymmetry parameter, their expected values do not have this behaviour, since
with
These results agree with those obtained by Crichton and Marston in Ref. z > j z . This effect is associated to negative spin density values, corresponding to blue regions in (c), since as the AM per photon in the incident direction is conserved, and j z = z + s z = 1 must be guaranteed.
with a left-circularly polarized plane wave. Figure 2(a) illustrates the g-parameter as a function of the incident wavelength, λ. As it can be seen, the maximum value, g = 1/2, is not reached due to the fact that the absorption denies the first Kerker condition, α E = α M . Nevertheless, as it tends to be preserved, Λ 1 ⇐⇒ g 0.5, the OAM per photon (FIG.2(b) , reaches values that exceed the incident AM per photon in the incident direction, z > j z . This phenomenon, previously referred as "super-momentum" for absorptionless spheres 1,12,41 , emerges as a simple consequence of the conservation of the AM per photon. According to Eq.(3), −1 < s z < 1, and since the AM per photon must be conserved after scattering, the OAM per photon can acquire values larger It is worth mentioning that the "super-momentum" regime cannot be achieved for scatterers described by a single polarizability excited by a circularly polarized plane-wave, since in such scenarios g = 0, and the OAM per photon is limited to 0 < z < 1. This can be checked making g = 0 in Eq. (6) . Nevertheless, recently it has been demonstrated that elliptically polarized excitations, when focused by small numerical apertures can induce "super-momentum" on these kind of scatterers 12 . Figure 3 represents the color map of the apparent displacement associated to the scattering problem analyzed in FIG.1 , as a function of the scattering angle, θ, and the incident wavelength, λ. In the "super-momentum" regime ( z > j z in Fig. 2) , the optical mirage doubles the values obtained from a pure electric (or magnetic) scatterer 18 , even when the absorption represent a third part of the extinction cross section. This can be easily understood from a simple relation 21 ,
that relates the OAM per photon and the optical mirages in the dipolar regime. Therefore, even though some of the incident light is absorbed by the spherical target, which in turn induces an optical torque, optical mirages persist. This shift can be comparable to the incident wavelength. Moreover, as a consequence of the interplay between the electric and magnetic dipoles, this optical mirage surpass the pure dipolar case shift 18, 19 .
IV. SUMMARY
In conclusion, we have shown that absorption, which is included in the asymmetry parameter in the electric and magnetic dipolar regime, gives rise to an effective SAM to OAM exchange of the scattered photons. Based on the conservation of the incident AM per photon (as a direct consequence of the scatterer axial symmetry) we have shown that the so-called "super-momentum" regime, z > j z , emerges naturally in the scattering of an absorbing Si sphere. Consequently, a striking spinning optical mirage is found, its maximum value being comparable with the incident wavelength in the visible spectral range. Our results are discussed in terms of the DoCP and they could be experimentally refuted by farfield polarization measurements [42] [43] [44] .
